On defect groups for generalized blocks of the symmetric group by Gramain, Jean-Baptiste
ar
X
iv
:m
at
h/
07
03
15
7v
2 
 [m
ath
.R
T]
  4
 D
ec
 20
07
On defect groups for generalized blocks of the
symmetric group
Jean-Baptiste Gramain
Department of Mathematical Sciences
University of Aberdeen, Scotland
March, 2007
Abstract
In a paper of 2003, B. Ku¨lshammer, J. B. Olsson and G. R. Robinson
defined ℓ-blocks for the symmetric groups, where ℓ > 1 is an arbitrary
integer. In this paper, we give a definition for the defect group of the
principal ℓ-block. We then check that, in the Abelian case, we have an
analogue of one of M. Broue´’s conjectures.
1 Introduction
1.1 Generalized blocks
The concept of generalized blocks was introduced by B. Ku¨lshammer, J. B.
Olsson and G. R. Robinson in [7]. Take any finite group G, and take a union C
of conjugacy classes of G containing the identity. We can consider the restriction
to C of the ordinary scalar product on characters of G. We denote by Irr(G)
the set of complex irreducible characters of G. For χ, ψ ∈ Irr(G), we let
〈χ, ψ〉C :=
1
|G|
∑
g∈C
χ(g)ψ(g−1).
We call 〈χ, ψ〉C the contribution of χ and ψ across C. Then χ and ψ are said
to be directly C-linked if 〈χ, ψ〉C 6= 0, and orthogonal across C otherwise. Then
direct C-linking is a reflexive (since 1 ∈ C) and symmetric binary relation on
Irr(G). Extending it by transitivity, we obtain an equivalence relation (called C-
linking) on Irr(G) whose equivalence classes are called the C-blocks. Note that,
since they are orthogonal on the whole of G, two distinct irreducible characters
are directly linked across C if and only if they are directly linked across G \ C.
Using direct (G \ C)-linking (which needs to be extended by reflexivity and
transitivity), the (G \ C)-blocks we obtain are thus the same as the C-blocks.
Note also that, if we take C to be the set of p-regular elements of G (i.e. whose
order is not divisible by p), for some prime p, then the C-blocks are just the
”ordinary” p-blocks (cf e.g. [9]).
In [7], the authors have defined ℓ-blocks for the symmetric groups, where
ℓ ≥ 2 is any integer. To obtain this, they take C to be the set of ℓ-regular
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elements, i.e. none of whose cycle has length divisible by ℓ (in particular, if ℓ is
a prime p, then the ℓ-blocks are just the p-blocks). The complement of C is the
set of ℓ-singular elements. The ℓ-blocks thus obtained satisfy an analogue of the
Nakayama Conjecture: two irreducible characters ϕλ and ϕµ of the symmetric
group Sn (where λ and µ are partitions of n) belong to the same ℓ-block if and
only if λ and µ have the same ℓ-core.
Following this work, A. Maro´ti studied generalized blocks in the alternating
groups, and proved that, if ℓ is 2 or any odd integer greater than 1, then the
ℓ-blocks of the alternating groups also satisfy an analogue of the Nakayama
Conjecture (cf [8]).
1.2 Defect groups
One key notion in block theory is that of defect group. The defect group of a
block, or its normalizer, while being smaller groups than the one we start from,
contain a lot of information about the block and its structure. Particularly
striking are Broue´’s conjectures, as explained in the next section.
However, we don’t have any notion of defect group for generalized blocks. It
is the goal of this paper to give a candidate for the defect of the principal block
in the case of symmetric groups, and to test its relevance by proving that, in
the Abelian case, it satisfies a weak analogue of one of Broue´’s conjectures.
If G is a finite group and p is a prime, we call principal p-block the p-block
containing the trivial character. Its defect group is a Sylow p-subgroup of G. If
we take G to be the symmetric group Sn, and ℓ ≥ 2 to be any integer, we define
the principal ℓ-block to be the ℓ-block of G containing the trivial character. We
would like to define its defect group to be a Sylow ℓ-subgroup of G, if any such
thing existed. It turns out that, in the symmetric group, we can construct some
kind of ℓ-analogue of the Sylow subgroups.
Let p be a prime. For this description, we refer to [10]. We define the p-
groups (Pi)i≥0 as follows: let P0 = 1, and, for i > 0, let Pi = Pi−1 ≀ Zp (where
Zp is the cyclic group of order p). Then, for any i ≥ 0, Pi is a Sylow p-subgroup
of Spi . Now take any n > 0, and let a0 + a1p + · · · + akp
k be the p-adic
decomposition of n. Then P = P a00 ×P
a1
1 × · · · ×P
ak
k is a Sylow p-subgroup of
Sn. Note that P is Abelian if and only if n = a0 + a1p (0 ≤ a0, a1 < p).
If we take now any integer ℓ ≥ 2 instead of p, we can still do the same
construction. We let L0 = 1, and Li = Li−1 ≀Zℓ for i > 0. Then, for any integer
n > 0 with ℓ-adic decomposition a0 + a1ℓ+ · · · + akℓk, we let
L = La00 ×L
a1
1 × · · · ×L
ak
k . Then L is a subgroup of Sn, and its order is a power
of ℓ. We take L as generalized defect group for the principal ℓ-block of Sn. Note
that L is Abelian if and only if n = a0 + a1ℓ (0 ≤ a0, a1 < ℓ), and cyclic if and
only if n = a0 + ℓ (0 ≤ a0 < ℓ).
1.3 Perfect isometries
The strong link between the principal block and it’s defect group is illustrated
by Broue´’s conjectures (cf [1]). One of Broue´’s conjectures (which is just the
shadow, at the level of characters, of much deeper equivalences conjectured by
Broue´) states that, if G is a finite group with Abelian Sylow p-subgroup P , and
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if N = NG(P ) is the normalizer of P in G, then the principal p-blocks of N and
G are perfectly isometric.
This is known to be true when G is a symmetric group (cf [12]). We would
like to prove an analogue of this in the case of generalized blocks for the symmet-
ric group. The tool to do this is provided in [7]. It is the concept of generalized
perfect isometry, and goes as follows. If G and H are finite groups, C and D
are closed unions of conjugacy classes of G and H respectively, and if b (resp.
b′) is a union of C-blocks of G (resp. D-blocks of H), then we say that there
is a generalized perfect isometry between b and b′ (with respect to C and D) if
there exists a bijection with signs between b and b′, which furthermore preserves
contributions; i.e. there exists a bijection I : b 7−→ b′ such that, for each χ ∈ b,
there is a sign ε(χ), and such that
∀χ, ψ ∈ b, 〈I(χ), I(ψ)〉D = 〈ε(χ)χ, ε(ψ)ψ〉C .
Note that this is equivalent to 〈I(χ), I(ψ)〉D′ = 〈ε(χ)χ, ε(ψ)ψ〉C′ , where C′ =
G \ C and D′ = H \ D.
When specialized to p-blocks, this notion is a bit weaker than the definition
of Broue´. If two p-blocks b and b′ are perfectly isometric in Broue´’s sense,
then there is a generalized perfect isometry with respect to p-regular elements
between b and b′. It is however possible to exhibit generalized perfect isometries
in some cases where there is no perfect isometry in Broue´’s sense (cf [3]).
We will prove in Theorem 4.1 that, if ℓ ≥ 2 is any integer, and if n = ℓw+ r
for some 0 ≤ r, w < ℓ, then there is a generalized perfect isometry with respect
to ℓ-regular (or ℓ-singular) elements between the principal ℓ-blocks of Sn and
NSn(L), where L is defined as in the previous section (in particular, we only
deal with the case where L is Abelian). In section 2, we show that the study
of the ℓ-blocks of NSn(L) reduces to that of the ℓ-blocks of NSℓw(L). We then
compute the ℓ-blocks ofNSℓ(L), where L is cyclic of order ℓ. Section 3 is devoted
to the study of the principal ℓ-block of NSℓw(L). This includes general results
about wreath products with symmetric groups. Finally, in section 4, we state
and prove a weak analogue of Broue´’s Abelian Defect Conjecture for generalized
blocks of the symmetric group.
2 The Abelian defect case
Let ℓ ≥ 2 be any integer. From now on, we take G to be the symmetric group
Sℓw+r, where 0 ≤ r, w < ℓ. We let L = Zℓ →֒ Sℓ, and
L =< ω1 > × · · ·× < ωw >∼= Lw, where ω1, . . . , ωw are disjoint ℓ-cycles of G.
2.1 Blocks of NG(L)
We have
L ∼= Zwℓ →֒ Sℓw →֒ Sℓw × Sr →֒ G = Sℓw+r,
and NG(L) ∼= NSℓw(L)× Sr. Thus Irr(NG(L)) =Irr(NSℓw(L))⊗Irr(Sr).
We will define later what we mean by an ℓ-singular element of NSℓw(L). We
define the ℓ-singular elements of NG(L) ∼= NSℓw(L)×Sr to be the (ρ, σ), where
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ρ ∈ NSℓw(L) is ℓ-singular and σ ∈ Sr. For ψ = ψ0 ⊗ ψ1 and ψ
′ = ψ′0 ⊗ ψ
′
1 in
Irr(NG(L)), we have
〈ψ, ψ′〉NG(L), ℓ−sing =
1
|NG(L)|
∑
g∈NG(L)
ℓ−sing
ψ(g)ψ′(g)
=
1
|NG(L)|
∑
ρ∈NSℓw (L)
ℓ−sing
∑
σ∈Sr
ψ0(ρ)ψ1(σ)ψ′0(ρ)ψ
′
1(σ)
= δψ1ψ′1〈ψ0, ψ
′
0〉NSℓw (L), ℓ−sing .
Thus ψ0 ⊗ ψ1 and ψ′0 ⊗ ψ
′
1 are directly linked across the set of ℓ-singular
elements of NG(L) if and only if ψ1 = ψ′1, and ψ0 and ψ
′
0 are directly linked
across ℓ-singular elements of NSℓw(L). Hence the ℓ-blocks of NG(L) are the
b ⊗ {ψ1}, with b an ℓ-block of NSℓw(L) and ψ1 ∈Irr(Sr). In particular, the
principal ℓ-block of NG(L) is b0 ⊗ {1Sr}, where b0 is the principal ℓ-block of
NSℓw(L).
2.2 Blocks of NSℓ(L)
We will see later that, in fact, the principal ℓ-block of NSℓw(L) can be obtained
from the principal ℓ-block of NSℓ(L).
We write N = NSℓ(L). Then L =< ω > is a regular, transitive subgroup of
Sℓ, so that, by [2], Corollary 4.2 B, we have N ∼= L⋊Aut(L), where the action
of Aut(L) on L is the natural one.
We have K := Aut(L) = {ω 7−→ ωk, (k, ℓ) = 1}. In particular, |K| = ϕ(ℓ),
where ϕ is the Euler function.
N = NSℓ(L) being a natural subgroup of Sℓ, we say that an element of
NSℓ(L) is ℓ-singular if it is ℓ-singular as an element of Sℓ, i.e. just an ℓ-cycle.
The ℓ-singular elements of N are precisely the ℓ-cycles of L =< ω >, i.e. the
ωk, (k, ℓ) = 1.
We let σ = e2iπ/ℓ be a primitive ℓ-th root of unity. We then have
Irr(L) = {χ[m], m ∈ Z} = {χ[m], 1 ≤ m ≤ ℓ},
where, for m ∈ Z, χ[m] is uniquely defined by χ[m](ω) = σ
m.
We want to use Clifford’s Theory to describe the irreducible characters of N .
N acts on Irr(L) via χ 7→ χg, where, for g ∈ N , we have χg(h) = χ(g−1hg) for
all h ∈ L. For m ∈ Z, we write I[m] = {g ∈ N |χ
g = χ} the inertia subgroup of
χ[m], and χ
N
[m] = {χ
g
[m], g ∈ N} the orbit of χ[m] under the action of N . Then
Clifford’s Theorem has the following consequence:
Theorem 2.1. ([5], Theorem (6.11)) Take any 1 ≤ m ≤ ℓ. Using the notations
above, let
A[m] = {ϕ ∈ Irr(I[m]) | 〈ϕ↓L, χ[m]〉 6= 0}
and
B[m] = {ψ ∈ Irr(N) | 〈ψ↓L, χ[m]〉 6= 0}.
Then ϕ 7−→ ϕ↑N is a bijection from A[m] to B[m] such that
〈(ϕ↑N )↓L, χ[m]〉 = 〈ϕ↓L, χ[m]〉.
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Now, for any 1 ≤ m ≤ ℓ, we have
L✁ I[m] ≤ L⋊Aut(L) = L⋊K,
so that I[m] = L ⋊ K[m] for some K[m] ≤ K. This implies easily that any
irreducible character of L extends to its inertia subgroup. Hence, by a result of
Gallagher (cf [5], Corollary (6.17)), we have, for any 1 ≤ m ≤ ℓ,
A[m] = {χ˜[m]ϑ, ϑ ∈ Irr(I[m]/L)} = {χ˜[m]ϑ, ϑ ∈ Irr(K[m])},
where χ˜[m] is the (unique) extension of χ[m] to I[m].
By Clifford’s Theory, for any ψ ∈Irr(N), the irreducible components of ψ↓L
are the elements of exactly one orbit of Irr(L) under the action of N . In order to
obtain a description of Irr(N), it therefore suffices to find a partition of Irr(L)
into N -orbits.
First note that g ∈ Sℓ belongs to N = NSℓ(< ω >) if and only if g
−1ωg = ωk
for some (k, ℓ) = 1. For such a g, and for any 1 ≤ m ≤ ℓ, we have
χg[m](ω) = χ[m](ω
g) = χ[m](ω
k) = σkm = χ[km](ω).
Hence χN[m] = {χ[km], (k, ℓ) = 1}. In particular, we have
χN[m] ⊂ {χ[n], (n, ℓ) = (m, ℓ)}.
On the other hand, we have
Irr(L) =
∐
d|ℓ
{χ[n], (n, ℓ) = d}.
We partition Irr(L) as follows:
Proposition 2.2. We have
Irr(L) =
∐
d|ℓ
χN[d],
and, for all d|ℓ, we have |χN[d]| = ϕ(
ℓ
d).
Proof. We start by noting that, for d|ℓ and 1 ≤ n ≤ ℓ, we have (n, ℓ) = d if and
only if n = dk for some 1 ≤ k ≤ ℓd and (k,
ℓ
d) = 1. Thus
{χ[n], (n, ℓ) = d} = {χ[kd], 1 ≤ k ≤
ℓ
d
, (k,
ℓ
d
) = 1},
and
Irr(L) =
∐
d|ℓ
{χ[n], (n, ℓ) = d} =
∐
d|ℓ
{χ[kd], 1 ≤ k ≤
ℓ
d
, (k,
ℓ
d
) = 1}.
Write ℓ =
∏
i∈I p
ai
i , where ai > 0 for i ∈ I, and pi 6= pj for i 6= j. Now take
d|ℓ, and write d =
∏
i∈Id
pbii , where 0 < bi ≤ ai for i ∈ Id ⊂ I. Then
ℓ
d
=
∏
i∈Id
pai−bii
∏
i∈I\Id
paii .
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Suppose first that bi < ai for all i ∈ Id. Then, for any k ∈ N, (k,
ℓ
d) = 1
implies (k, d) = 1. Thus, in this case, for any 1 ≤ k ≤ ℓd such that (k,
ℓ
d) = 1,
we have (k, ℓ) = 1, so that χ[kd] ∈ χ
N
[d]. Hence
χN[d] = {χ[kd], (k, ℓ) = 1} = {χ[kd], 1 ≤ k ≤
ℓ
d
, (k,
ℓ
d
) = 1}.
In particular, |χN[d]| = ϕ(
ℓ
d).
Suppose now that there exists i ∈ Id such that bi = ai. Take 1 ≤ k ≤
ℓ
d
such that (k, ℓd ) = 1. Write k = kdkℓ, where (kℓ, ℓ) = 1, and kd =
∏
i∈Ik
pcii ,
with Ik ⊂ Id and ci > 0 for i ∈ Ik. Let m =
∏
i∈Id\Ik
pi and n = m
ℓ
d + kd.
Now take any i ∈ I.
• If i ∈ Ik, then pi|kd, and (kd,
ℓ
d) = 1, so that pi 6 |
ℓ
d , and pi 6 |m. Thus
pi 6 |n.
• If i ∈ I \ Ik, then pi|m
ℓ
d , and pi 6 | kd. Thus pi 6 |n.
Hence (n, ℓ) = 1 and, since (kℓ, ℓ) = 1, we have (nkℓ, ℓ) = 1. Now
k − nkℓ = kdkℓ − nkℓ
= kℓ(kd − (m
ℓ
d + kd))
= −kℓm
ℓ
d ≡ 0 (
ℓ
d ).
Thus k ≡ nkℓ (
ℓ
d) and kd ≡ nkℓd (ℓ), whence χ[kd] = χ[nkℓd] and (nkℓ, ℓ) = 1.
Hence χ[kd] ∈ χ
N
[d]. Thus, in this case too,
χN[d] = {χ[kd], (k, ℓ) = 1} = {χ[kd], 1 ≤ k ≤
ℓ
d
, (k,
ℓ
d
) = 1}.
In particular, |χN[d]| = ϕ(
ℓ
d).
Finally, we get
Irr(L) =
∐
d|ℓ
{χ[kd], 1 ≤ k ≤
ℓ
d
, (k,
ℓ
d
) = 1} =
∐
d|ℓ
χN[d].
This gives us the whole of Irr(NSℓ(L)):
Irr(NSℓ(L)) =
∐
d|ℓ
{
(χ˜[d]ϑ)↑
NSℓ(L), ϑ ∈ Irr(I[d]/L)
}
= {ψd,ϑ, d|ℓ, ϑ ∈ Irr(I[d]/L)}.
Note that, for d|ℓ, we have [NSℓ(L) : I[d]] = |χ
N
[d]| = ϕ(
ℓ
d), so that
|I[d]/L| =
[NSℓ(L) : L]
[NSℓ(L) : I[d]]
=
ϕ(ℓ)
ϕ( ℓd)
.
Furthermore, for any d|ℓ and ϑ ∈ Irr(I[d]/L), we have
ψd,ϑ↓L =
∑
1≤n≤ℓ
(n, ℓ)=d
χ[n] =
∑
1≤k≤ ℓ
d
(k, ℓ
d
)=1
χ[kd].
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We can now construct the ℓ-blocks of N . For any d, d′|ℓ, ϑ ∈ Irr(I[d]/L) and
ϑ′ ∈ Irr(I[d′]/L), we have
〈ψd,ϑ, ψd′,ϑ′〉ℓ−sing =
1
ℓϕ(ℓ)
∑
1≤k≤ℓ
(k, ℓ)=1
ψd,ϑ(ω
k)ψd′,ϑ′(ωk) =
1
ℓ
ψd,ϑ(ω)ψd′,ϑ′(ω)
(all ℓ-cycles of L being conjugate in N). Now, by the above, we have
ψd,ϑ(ω) =
∑
1≤n≤ℓ
(n, ℓ)=d
χ[n](ω) =
∑
1≤n≤ℓ
(n, ℓ)=d
σn
(and similarly for ψd′,ϑ′(ω)).
Lemma 2.3. For any d|ℓ, {σn, 1 ≤ n ≤ ℓ, (n, ℓ) = d} is the set of primitive
ℓ
d -th roots of unity.
Proof. Take any 1 ≤ n ≤ ℓ with (n, ℓ) = d. Write n = kd, for some 1 ≤ k ≤ ℓd ,
(k, ℓd) = 1. Then σ
n ℓ
d = σkℓ = 1, so that σn is an ℓd -th root of 1.
Suppose σnm = 1. Then σkdm = 1. Thus ℓ|kdm, so that ℓd |km, and
ℓ
d |m
(since (k, ℓd) = 1). Hence σ
n is a primitive ℓd -th root of 1.
To conclude, we just note that 1 ≤ n 6= n′ ≤ ℓ implies σn 6= σn
′
, so that
|{σn, 1 ≤ n ≤ ℓ, (n, ℓ) = d}| = |{1 ≤ n ≤ ℓ, (n, ℓ) = d}| = ϕ(
ℓ
d
),
the number of primitive ℓd -th roots of 1.
Thus, for any d|ℓ and ϑ ∈ Irr(I[d]/L), ψd,ϑ(ω) is the sum of the primitive
ℓ
d -th roots of unity. This is an example of Ramanujan’s sum (cf [4] 5.6 (2)).
Ramanujan’s sum cq(m), defined for integers q > 0 and m ≥ 0, is the sum of the
m-th powers of the primitive q-th roots of unity. We thus have ψd,ϑ(ω) = c ℓ
d
(1).
Now, by [4] Theorem 271, we have, for any q > 0 and m ≥ 0,
cq(m) =
∑
n|m,n|q
µ
( q
n
)
n,
where µ is the Mo¨bius function (cf [4] 16.3). In particular, c ℓ
d
(1) = µ( ℓd ).
Finally, we get that, for any d, d′|ℓ, ϑ ∈ Irr(I[d]/L) and ϑ
′ ∈ Irr(I[d′]/L),
〈ψd,ϑ, ψd′,ϑ′〉ℓ−sing =
1
ℓ
µ
(
ℓ
d
)
µ
(
ℓ
d′
)
.
This allows us to compute the ℓ-blocks of NSℓ(L). Take any d|ℓ.
• If µ( ℓd ) = 0, then 〈ψd,ϑ, ψd′,ϑ′〉ℓ−sing = 0 for any d
′|ℓ, ϑ ∈ Irr(I[d]/L) and
ϑ′ ∈ Irr(I[d′]/L). Thus {ψd,ϑ} is an ℓ-block of NSℓ(L) for any
ϑ ∈ Irr(I[d]/L).
• If µ( ℓd) 6= 0, then 〈ψd,ϑ, ψd′,ϑ′〉ℓ−sing 6= 0 for any d
′|ℓ such that µ( ℓd′ ) 6= 0,
and any ϑ ∈ Irr(I[d]/L) and ϑ
′ ∈ Irr(I[d′]/L). Thus
{ψd,ϑ ; d|ℓ, µ(
ℓ
d
) 6= 0, ϑ ∈ Irr(I[d]/L)}
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is an ℓ-block of NSℓ(L), namely the principal block β0 since it contains
the trivial character 1NSℓ(L) = ψℓ,1.
Note in particular that NSℓ(L) has a single ℓ-block if and only if ℓ is square-
free.
We now want to compute the order of β0. We have
|β0| =
∑
d|ℓ, µ( ℓ
d
) 6=0
|Irr(I[d]/L)|
=
∑
d|ℓ, µ( ℓ
d
) 6=0
|I[d]/L| (since I[d]/L ≤ Aut(L) is Abelian)
=
∑
d|ℓ, µ( ℓ
d
) 6=0
ϕ(ℓ)
ϕ( ℓd)
(as we remarked before).
Now, for d|ℓ, we have µ( ℓd) 6= 0 if and only if
ℓ
d is squarefree. Write ℓ =∏
i∈I p
ai
i , where the pi’s are distinct primes and ai > 0 for i ∈ I. Let ℓ0 =∏
i∈I pi. For d|ℓ, we have µ(
ℓ
d ) 6= 0 if and only if
ℓ
d =
∏
i∈J pi for some J ⊂ I
(in particular, µ( ℓd ) 6= 0 if and only if
ℓ
d |ℓ0). Now, by [4] Theorem 62, we have
ϕ(ℓ) = ℓ
∏
i∈I(1−
1
pi
), and, if ℓd =
∏
i∈J pi, then ϕ(
ℓ
d ) =
ℓ
d
∏
i∈J (1−
1
pi
). Thus
ϕ(ℓ)
ϕ( ℓ
d
)
= d
∏
i∈I\J (1 −
1
pi
).
Now ℓ0dℓ =
∏
i∈I\J pi. Thus
∏
i∈I\J (1 −
1
pi
) = ϕ( ℓ0dℓ )
ℓ
ℓ0d
,
and ϕ(ℓ)
ϕ( ℓ
d
)
= ℓℓ0ϕ(
ℓ0d
ℓ ). We get
|β0| =
∑
d|ℓ, µ( ℓ
d
) 6=0
ϕ(ℓ)
ϕ( ℓd )
=
∑
δ|ℓ0
ℓ
ℓ0
ϕ
(
ℓ0
δ
)
=
ℓ
ℓ0
∑
δ|ℓ0
ϕ
(
ℓ0
δ
)
= ℓ.
3 Principal block of NSℓw(L)
We now need to compute the principal ℓ-block of N = NSℓw(L). We have
N = NSℓw(L
w) ∼= NSℓ(L) ≀ Sw = N ≀ Sw. In order to do this study, we need
some results about the conjugacy classes and irreducible characters of wreath
products.
3.1 Wreath products
Let H be a finite group (we will later use the following general results for H = L
and H = N). The following facts can be found in [11].
Take g1, . . . , gr representatives for the conjugacy classes of H . The elements
of the wreath product H ≀ Sw are of the form (h; γ) = (h1, . . . , hw; γ), with
h1, . . . , hw ∈ H and γ ∈ Sw. For any such element, and for any k-cycle
κ = (j, jκ, . . . , jκk−1) in γ, we define the cycle product of (h; γ) and κ by
g((h; γ), κ) = hjhjκ−1hjκ−2 . . . hjκ−(k−1) .
In particular, g((h; γ), κ) ∈ H . If γ has cycle structure π say, then we form
r partitions (π1, . . . , πr) from π as follows: any cycle κ in π gives a cycle of
the same length in πi if the cycle product g((h; γ), κ) is conjugate to gi. The
resulting r-tuple of partitions of w describes the cycle structure of (h; γ). We
then have
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Lemma 3.1. ([11] Proposition 4.1) Two elements of H ≀Sw are conjugate if and
only if they have the same cycle structure, and the conjugacy classes of H ≀ Sw
are parametrized by the r-tuples of partitions of w:
{(π1, . . . , πr) ;
r∑
i=1
|πi| = w} = {(π1, . . . , πr)  w}.
Note that, if H is a natural subgroup of Sℓ, and if we imbed H ≀ Sw in
Sℓw, then, for any k-cycle κ of γ, each m-cycle of the cycle product g((h; γ), κ)
(seen as an element of Sℓ) corresponds to gcd(m, k) cycles of length lcm(m, k)
in (h; γ), when seen as an element of Sℓw.
We have the following result about centralizers:
Lemma 3.2. ([11], Lemma 4.2) If g ∈ H ≀Sw has cycle type (π1, . . . , πr)  w,
and if aik denotes the number of k-cycles of πi (1 ≤ i ≤ r, 1 ≤ k ≤ w), then
|CH≀Sw (g)| =
∏
i,k
aik!(k|CH(gi)|)
aik .
The irreducible (complex) characters of H ≀ Sw are also canonically labeled
by the r-tuples of partitions of w. The construction goes as follows:
We write Irr(H) = {ψ1, . . . , ψr} and, for any m > 0,
Irr(Sm) = {ϕλ, λ ⊢ m}. For any α = (α1, . . . , αr)  w, the irreducible char-
acter
∏r
i=1 ψ
|αi|
i of the base group N
w can be extended in a natural way to
its inertia subgroup H ≀ S|α1| × · · · ×H ≀ S|αr|, giving the irreducible character∏r
i=1
̂
ψ
|αi|
i . Any irreducible character of H ≀S|α1|×· · ·×H ≀S|αr| which extends∏r
i=1 ψ
|αi|
i is a tensor product of
∏r
i=1
̂
ψ
|αi|
i with an irreducible character of the
inertia factor S|α1|×· · ·×S|αr |. Inducing this tensor product to H ≀Sw gives an
irreducible character, and any irreducible character of H ≀ Sw can be obtained
in this way. We have the following
Lemma 3.3. ([11], Proposition 4.3) The irreducible characters of H ≀ Sw are
labeled by the r-tuples of partitions of w. We have Irr(H ≀ Sw) = {χα, α  w},
where, for α = (α1, . . . , αr)  w,
χα =
(
r∏
i=1
̂
ψ
|αi|
i ⊗ ϕαi
)H≀Sw
.
There is a generalization of the Murnaghan-Nakayama Rule in H ≀Sw which
enlightens the link between the parametrizations for conjugacy classes and irre-
ducible characters.
Theorem 3.4. ([11], Theorem 4.4) Take α = (α1, . . . , αr)  w. Take
g ∈ H ≀ Sw of cycle type (aij(g))1≤i≤r,1≤j≤w such that atk(g) > 0 for some
1 ≤ t ≤ r and 1 ≤ k ≤ w. Let ρ ∈ H ≀Sw−k be of cycle type (aij(ρ))1≤i≤r,1≤j≤w ,
where
(aij(ρ)) =
{
atk(g)− 1 if i = t and j = k
aij(g) otherwise
.
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If we let χ∅ = 1, we then have
χα(g) =
r∑
s=1
ψs(gt)
∑
hα
s
ij =k
(−1)L
αs
ij χα−R
αs
ij (ρ),
where the second sum is taken over the set of hooks hα
s
ij of length k in α
s, Lα
s
ij is
the leg-length of hα
s
ij , and α−R
αs
ij is the r-tuple of partitions of w− k obtained
from α by removing hα
s
ij from α
s.
We will also write the previous result as
χα(g) =
r∑
s=1
ψs(gt)
∑
βs∈Lk
αs
(−1)Lαsβsχαs,βs (ρ),
where Lkαs is the set of partitions β
s which can be obtained from αs by removing
a k-hook (including multiplicities), Lαsβs is the leg-length of the hook to remove
from αs to get to βs, and αs,βs = (α
1, . . . , αs−1, βs, αs+1, . . . , αr)  w − k.
3.2 The wreath product L ≀Sw; a generalized perfect isom-
etry
By the results of the previous section, the conjugacy classes of L ≀ Sw are
parametrized by the ℓ-tuples (π1, . . . , πℓ) of partitions of w. We take repre-
sentatives (g1, . . . , gℓ = 1) for the conjugacy classes of L. For later coherence,
we take gi = ω
i (1 ≤ i ≤ ℓ), where L =< ω >. We partition L ≀ Sw into unions
of conjugacy classes according to πℓ ∈ P≤w (i.e. πℓ partition of at most w). We
have
L ≀ Sw =
∐
πℓ∈P≤w
Dπℓ ,
where Dπℓ is the set of elements whose cycle type has πℓ as ℓ-th part. Then D∅
is the set of regular elements of L ≀ Sw. The elements of L ≀ Sw \ D∅ are called
singular .
We now turn to the principal ℓ-block of Sℓw+r. The trivial character of
Sℓw+r is labeled by the partition (ℓ + r) of ℓ + r, whose ℓ-core is (r) ⊢ r.
By the Nakayama Conjecture for generalized blocks ([7], Theorem 5.13), the
characters of the principal ℓ-block B0 of Sℓ+r are labeled by the partitions of
ℓ + r with the same ℓ-core (r). We write Pr the set of partitions of ℓ + r
with ℓ-core (r), and write B0 = {ϕλ, λ ∈ Pr}. The characters of B0 are
parametrized by the ℓ-quotients of the partitions labeling them. For λ ∈ Pr,
we write αλ = (α
1
λ, . . . , α
ℓ
λ)  w the ℓ-quotient of λ. These ℓ-quotients also
parametrize the irreducible (complex) characters of L ≀ Sw. A key result of [7]
is the following:
Theorem 3.5. ([7], Theorem 5.10 and Proposition 5.11) With the above nota-
tions, the map λ 7−→ αλ induces a generalized perfect isometry between B0 and
Irr(L ≀ Sw) with respect to ℓ-regular and regular elements respectively. That is,
there exist signs {ε(λ), λ ∈ Pr} such that, for any λ, µ ∈ Pr,
〈ϕλ, ϕµ〉 ℓ−reg
Sℓw+r
= 〈ε(λ)χαλ , ε(µ)χαµ〉 reg
L≀Sw
.
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Given two ℓ-tuples α and β of partitions of w, we will give another expression
for 〈χα, χβ〉 reg
L≀Sw
. We have
〈χα, χβ〉 reg
L≀Sw
= δαβ − 〈χ
α, χβ〉 sing
L≀Sw
,
and, with the above notations, we have
〈χα, χβ〉 sing
L≀Sw
=
∑
∅6=πℓ∈P≤w
〈χα, χβ〉Dπℓ .
We have, for any ∅ 6= πℓ ∈ P≤w,
〈χα, χβ〉Dπℓ =
1
|L ≀ Sw|
∑
(π1,...,πℓ−1,∅)w−|πℓ|
|D(π1,...,πℓ)|χ
α(D(π1,...,πℓ))χ
β(D(π1,...,πℓ)),
where D(π1,...,πℓ) is the conjugacy class of cycle type (π1, . . . , πℓ) of L ≀ Sw.
Now, for any (π1, . . . , πℓ−1, ∅)  w − |πℓ|, Lemma 3.2 gives, writing bjk for
the number of k-cycles in πj (1 ≤ j ≤ ℓ, 1 ≤ k ≤ w),
|L ≀ Sw|
|D(π1,...,πℓ)|
=
∏
1≤j≤ℓ
1≤k≤w
bjk!(k|CL(gj)|)
bjk
=
∏
1≤k≤w
bℓk!(k|CL(gℓ)|)
bℓk
∏
1≤j≤ℓ−1
1≤k≤w
bjk!(k|CL(gj)|)
bjk
=
∏
1≤k≤w
bℓk!(kℓ)
bℓk
|L ≀ Sw−|πℓ||
|D
w−|πℓ|
(π1,...,πℓ−1,∅)
|
,
where D
w−|πℓ|
(π1,...,πℓ−1,∅)
denotes the set of elements of cycle type (π1, . . . , πℓ−1, ∅)
in L ≀ Sw−|πℓ|. Writing dπℓ =
∏
1≤k≤w bℓk!(kℓ)
bℓk , we get
〈χα, χβ〉Dπℓ =
1
dπℓ
∑
(π1,...,πℓ−1,∅)w−|πℓ|
|D
w−|πℓ|
(π1,...,πℓ−1,∅)
|
|L ≀ Sw−|πℓ||
χα(D(π1,...,πℓ))χ
β(D(π1,...,πℓ)).
Now, repeated use of the Murnaghan-Nakayama Rule (Theorem 3.4) shows that,
for any (π1, . . . , πℓ−1, ∅)  w−|πℓ|, we have, writing πℓ = (k1, . . . , ki), and since
all irreducible characters of L have degree 1,
χα(D(π1,...,πℓ)) =
∑
1≤s1,...,si≤ℓ
∑
α˜∈L
πℓ
α,(s1,...,si)
(−1)Lαα˜χα˜(D
w−|πℓ|
(π1,...,πℓ−1)
),
where Lπℓα,(s1,...,si) is the set of ℓ-tuples of partitions of w − |πℓ| which can be
obtained from α by removing successively a k1-hook from α
s1 , then a k2-hook
from the “s2-th coordinate” of the resulting ℓ-tuple of partitions of w− k1, etc,
and finally a ki-hook from the “si-th coordinate” of the resulting ℓ-tuple of
partitions of w − (k1 + · · ·+ ki−1), and, for α˜ ∈ L
πℓ
α,(s1,...,si)
, Lαα˜ is the sum of
the leg-lengths of the hooks removed to get from α to α˜.
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We therefore get, writing s = (s1, . . . , si),
〈χα, χβ〉Dπℓ =
1
dπℓ
∑
1≤s≤ℓ
1≤t≤ℓ
∑
α˜∈L
πℓ
α,s
β˜∈L
πℓ
β,t
(−1)Lαα˜(−1)Lββ˜〈χα˜, χβ˜〉
D
w−|πℓ|
∅
.
We will use this formula to exhibit a generalized perfect isometry between
Irr(L ≀ Sw) and the principal ℓ-block of N ≀ Sw.
3.3 The wreath product N ≀ Sw
We now turn to N = NSℓw(L) = N ≀Sw. In particular, we want to find its princi-
pal ℓ-block. Take {g1 = ω, g2, . . . , gr} representatives for the conjugacy classes
of N = NSℓ(L), where ω is an ℓ-cycle generating L. For any (π1, . . . , πr)  w,
we write S(π1,...,πr) for the conjugacy class of elements of N ≀ Sw of cycle type
(π1, . . . , πr).
Definition 3.6. An element of N ≀ Sw of cycle type (π1, . . . , πr)  w is called
ℓ-regular if π1 = ∅, and ℓ-singular otherwise.
We define the ℓ-blocks of N ≀Sw by orthogonality across the set S∅ of ℓ-regular
elements.
Note that, if ℓ is a prime, then we obtain the same ℓ-regular elements and
ℓ-blocks if we identify N ≀ Sw with its natural imbedding in Sℓw and define an
ℓ-regular element according to its cyclic decomposition in Sℓw. If the cyclic
decomposition of gi in Sℓ is (m1, , . . . , ms), then, for each 1 ≤ j ≤ s, each
k-cycle of πi gives gcd(mj , k) cycles of length lcm(mj , k). A cycle of length
divisible by ℓ can only appear if ℓ divides lcm(mj , k). Since k ≤ w < ℓ, this
forces mj to be divisible by ℓ, and gi to be the ℓ-cycle g1 (in particular, the
ℓ-blocks are the “ordinary” prime blocks). This fails when ℓ is no longer prime.
We partition N ≀Sw into unions of conjugacy classes according to π1 ∈ P≤w.
We have
N ≀ Sw =
∐
π1∈P≤w
Sπ1 ,
where Sπ1 is the set of elements whose cycle type has π1 as 1st part.
We write Irr(N) = {ψ1, . . . , ψr}, and β0 = {ψ1, . . . , ψℓ = 1N} the principal
ℓ-block of N .
Given two r-tuples α and β of partitions of w, we then have
〈χα, χβ〉 ℓ−sing
N≀Sw
=
∑
∅6=π1∈P≤w
〈χα, χβ〉Sπ1 .
We have, for any ∅ 6= π1 ∈ P≤w,
〈χα, χβ〉Sπ1 =
1
|N ≀ Sw|
∑
(∅,π2,...,πr)w−|π1|
|S(π1,...,πr)|χ
α(S(π1,...,πr))χ
β(S(π1,...,πr)).
Now, as in the previous section, for any (∅, π2, . . . , πr)  w − |π1|, Lemma
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3.2 gives, writing bjk for the number of k-cycles in πj (1 ≤ j ≤ ℓ, 1 ≤ k ≤ w),
|N ≀ Sw|
|S(π1,...,πr)|
=
∏
1≤k≤w
b1k!(k|CN (g1)|)
b1k
∏
2≤j≤r−1
1≤k≤w
bjk!(k|CN (gj)|)
bjk
=

 ∏
1≤k≤w
b1k!(kℓ)
bℓk

 |N ≀ Sw−|π1||
|S
w−|π1|
(∅,π2,...,πr)
|
,
where S
w−|π1|
(∅,π2,...,πr)
denotes the set of elements of cycle type (∅, π2, . . . , πr) in
N ≀ Sw−|π1|. Writing cπ1 =
∏
1≤k≤w b1k!(kℓ)
b1k , we get
〈χα, χβ〉Sπ1 =
1
cπ1
∑
(∅,π2,...,πr)w−|π1|
|S
w−|πr|
(∅,π2,...,πr)
|
|N ≀ Sw−|π1||
χα(S(π1,...,πr))χ
β(S(π1,...,πr)).
Now, as before, if we write π1 = (k1, . . . , ki), then repeated use the Murnaghan-
Nakayama Rule (Theorem 3.4) shows that, for any (∅, π2, . . . , πr)  w − |π1|,
we have, with the notations we introduced,
χα(S(π1,...,πr)) =
∑
1≤s≤r
∑
α˜∈L
π1
α,s
Ψs(g1)(−1)
Lαα˜χα˜(S
w−|π1|
(π2,...,πr)
).
where Ψs(g1) = ψs1(g1) . . . ψsi(g1). We therefore get
〈χα, χβ〉Sπ1 =
1
cπ1
∑
1≤s≤r
1≤t≤r
∑
α˜∈L
π1
α,s
β˜∈L
π1
β,s
Ψs(g1)Ψt(g1)(−1)
Lαα˜(−1)Lββ˜〈χα˜, χβ˜〉
S
w−|π1|
∅
. (†)
Note that, if π1 = πℓ, then dπℓ = cπ1 . This will allow us later to exhibit a
generalized perfect isometry.
We first prove the following:
Theorem 3.7. If, for some α, β  w, α 6= β, and π1 ∈ P≤w, we have
〈χα, χβ〉Sπ1 6= 0, then, for any ℓ < k ≤ r, we have α
k = βk = ∅. In particular,
the principal ℓ-block of N ≀Sw is included in {χα, α = (α1, . . . , αℓ, ∅, . . . , ∅)  w}
and, if αk 6= ∅ for some ℓ < k ≤ r, then {χα} is an ℓ-block of N ≀ Sw.
Proof. We use induction on w. For w = 1, the result is just the description
of the ℓ-blocks of N . Indeed, any element of N ≀ Sw has cycle type (π, . . . , πr)
where πi = (1) for some 1 ≤ i ≤ r and πj = ∅ for j 6= i (in particular, it is
ℓ-regular if and only if i 6= 1 (i.e. π1 = ∅) and ℓ-singular if and only if i = 1 (i.e.
π1 = (1))). For any α  w, we have α
i = (1) for some 1 ≤ i ≤ r and αj = ∅ for
j 6= i, and χα = ψi.
Now take w > 1, and suppose the result true up to w − 1. Suppose
〈χα, χβ〉Sπ1 6= 0 for some π1 ∈ P≤w.
Suppose first that π1 6= ∅. Then, by (†), if we write π1 = (k1, . . . , ki), then
there exist 1 ≤ s1, . . . , si, t1, . . . , ti ≤ r, there exist α˜ ∈ L
π1
α,s and β˜ ∈ L
π1
β,t such
that
ψs1(g1)ψt1(g1) . . . ψsi(g1)ψti(g1)〈χ
α˜, χβ˜〉
S
w−|π1|
∅
6= 0.
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By the study of the ℓ-blocks of N , we know that ψk(g1) 6= 0 if and only if
1 ≤ k ≤ ℓ. Thus 1 ≤ s1, . . . , si, t1, . . . , ti ≤ ℓ, so that, if k > ℓ, then αk = α˜k
and βk = β˜k (since only hooks from αs1 , . . . , αsi are removed to get from α to
α˜, and similarly for β and β˜). And, by induction hypothesis (since w−|π1| < w),
〈χα˜, χβ˜〉
S
w−|π1|
∅
6= 0 implies that α˜k = β˜k = ∅ for k > ℓ. Hence αk = βk = ∅ for
k > ℓ.
Next suppose that π1 = ∅. Then, since N ≀ Sw =
∐
π1∈P≤w
Sπ1 , we have
0 = 〈χα, χβ〉 =
∑
π1∈P≤w
〈χα, χβ〉Sπ1 ,
so that there exists ∅ 6= π ∈ P≤w such that 〈χα, χβ〉Sπ 6= 0. By the previous
case, this implies that αk = βk = ∅ for k > ℓ. This proves our assertion.
We now come to the construction of a generalized perfect isometry between
the principal ℓ-block of N ≀Sw and Irr(L ≀Sw). In order to relate the contribution
of two characters ofN ≀Sw on ℓ-singular elements to an inner product on singular
elements in L ≀ Sw, we want the ψ′is which take value −1 on the ℓ-cycle g1 to
“disappear” in the Murnaghan-Nakayama Rule. We achieve this by using the
following transformation. Let {ψ1, . . . , ψm} be all the irreducible characters of
N which take value −1 on g1. For any α = (α1, . . . , αℓ, ∅, . . . , ∅)  w, we let
α∗ = (α1, . . . , αm, αm+1, . . . , αℓ, ∅, . . . , ∅)  w, where denotes conjugation of
partitions (i.e. multiplication of the corresponding character of the symmetric
group by the signature) and we set
χα0 = (−1)
Pm
n=1 |α
n|χα
∗
.
Note that ∗ is a bijection from {α = (α1, . . . , αℓ, ∅, . . . , ∅)  w} onto itself.
Proposition 3.8. Take α = (α1, . . . , αℓ, ∅, . . . , ∅)  w, and take g ∈ N ≀ Sw of
cycle type (aij(g))1≤i≤r,1≤j≤w such that a1k(g) > 0 for some 1 ≤ k ≤ w. Let
ρ ∈ N ≀ Sw−k be of cycle type (aij(ρ))1≤i≤r,1≤j≤w, where
(aij(ρ)) =
{
a1k(g)− 1 if i = 1 and j = k
aij(g) otherwise
Then we have, with the notations of Theorem 3.4,
χα0 (g) =
ℓ∑
s=1
∑
hα
s
ij =k
(−1)L
αs
ij χ
α−Rα
s
ij
0 (ρ).
Proof. By Theorem 3.4, we have
χα0 (g) = (−1)
Pm
n=1 |α
n|χα
∗
(g)
= (−1)
Pm
n=1 |α
n|
r∑
s=1
ψs(g1)
∑
hα
∗s
ij =k
(−1)L
α∗s
ij χα
∗−Rα
∗s
ij (ρ)
=
ℓ∑
s=1
χα0 (g)s
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(since, as in the proof of 3.7, if s ≥ ℓ, then χα0 (g)s = ψs(g1) = 0).
Suppose first that m+ 1 ≤ s ≤ ℓ. Then ψs(g1) = 1 and α∗s = αs. Thus
ψs(g1)
∑
hα
∗s
ij =k
(−1)L
α∗s
ij χα
∗−Rα
∗s
ij (ρ) =
∑
hα
s
ij =k
(−1)L
αs
ij χα
∗−Rα
s
ij (ρ),
and
χα
∗−Rα
s
ij = χ(α−R
αs
ij )
∗
= (−1)
Pm
n=1 |(α−R
αs
ij )
n|χ
α−Rα
s
ij
0 = (−1)
Pm
n=1 |α
n|χ
α−Rα
s
ij
0 ,
so that
χα0 (g)s =
∑
hα
s
ij =k
(−1)L
αs
ij χ
(α−Rα
s
ij )
0 (ρ).
Now suppose 1 ≤ s ≤ m. Then ψs(g1) = −1. The set of hook-lengths
of any given partition is preserved by conjugation, and, for any hook-length
k, conjugation gives a bijection from the set of k-hooks of α∗s onto the set of
k-hooks of αs. For any hα
∗s
ij = k, we have L
α∗s
ij = k − L
αs
ij − 1 and χ
α∗−Rα
∗s
ij =
χ(α−R
αs
ij )
∗
. Thus
χα0 (g)s = (−1)
Pm
n=1 |α
n|ψs(g1)
∑
hα
∗s
ij =k
(−1)L
α∗s
ij χα
∗−Rα
∗s
ij (ρ)
=
∑
hα
s
ij =k
(−1)
Pm
n=1 |α
n|(−1)(−1)k−L
αs
ij −1χ(α−R
αs
ij )
∗
(ρ)
=
∑
hα
s
ij =k
(−1)
Pm
n=1 |(α−R
αs
ij )
n|+k(−1)k−L
αs
ij χ(α−R
αs
ij )
∗
(ρ)
=
∑
hα
s
ij =k
(−1)L
αs
ij χ
(α−Rα
s
ij )
0 (ρ).
This concludes the proof.
Remark: Of course, the result of this proposition is precisely the motivation
for the introduction of ∗. We want the virtual character χα0 to satisfy a conve-
nient analogue of the Murnaghan-Nakayama Rule when evaluated at ℓ-singular
elements. If we go through the proof of Theorem 4.4 in [11], we see that, essen-
tially, our equality holds because of the following general fact (which one proves
easily)
Proposition 3.9. Let n ≥ 1 be any integer, and, for π ∈ Sn, let c(π) be the
number of cycles (including the trivial ones) in π. Define
η :
{
Sn −→ C
π 7−→ (−1)c(π)
Then η = (−1)nεn, where εn is the signature of Sn.
Now, take any π1 = (k1, . . . , ki) ∈ P≤w. Then repeated use of Proposition
3.8 yields, for any α, β  w, the following analogue of (†)
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〈χα0 , χ
β
0 〉Sπ1 =
1
cπ1
∑
1≤s≤ℓ
1≤t≤ℓ
∑
α˜∈L
π1
α,s
β˜∈L
π1
β,t
(−1)Lαα˜(−1)Lββ˜ 〈χα˜0 , χ
β˜
0 〉Sw−|π1|
∅
. (††)
This equality provides the main ingredient in our generalized perfect isom-
etry:
Proposition 3.10. Take any α = (α1, . . . , αℓ)  w and β = (β1, . . . , αℓ)  w.
Define two r-tuples of partitions αr = (α1, . . . , αℓ, ∅, . . . , ∅) and
βr = (β1, . . . , αℓ, ∅, . . . , ∅) of w. Then
〈χαr0 , χ
βr
0 〉 ℓ−reg
N≀Sw
= 〈χα, χβ〉 reg
L≀Sw
.
Proof. By the results of section 3.2, we have
〈χα, χβ〉 sing
L≀Sw
=
∑
∅6=πℓ∈P≤w
1
dπℓ
∑
1≤s,t≤ℓ
∑
α˜∈L
πℓ
α,s
β˜∈L
πℓ
β,t
(−1)Lαα˜(−1)Lββ˜〈χα˜, χβ˜〉
D
w−|πℓ|
∅
=
w∑
k=1
∑
πℓ⊢k
1
dπℓ
∑
1≤s,t≤ℓ
∑
α˜∈L
πℓ
α,s
β˜∈L
πℓ
β,t
(−1)Lαα˜(−1)Lββ˜〈χα˜, χβ˜〉Dw−k
∅
.
On the other hand, by (††), we have
〈χαr0 , χ
βr
0 〉 ℓ−reg
N≀Sw
=
w∑
k=1
∑
π1⊢k
1
cπ1
∑
1≤s,t≤ℓ
∑
α˜∈L
π1
α,s
β˜∈L
π1
β,t
(−1)Lαrα˜r (−1)Lβrβ˜r 〈χα˜r , χβ˜r 〉Sw−k
∅
.
We can now easily prove the result by induction on w. By the previous two
equalities, if the result is true up to w − 1, then it is true for w (w ≥ 1).
Finally, the result is clearly true in the case w = 0, since S0∅ = D
0
∅ = ∅, and
χ∅ = χ∅r = 1.
In particular, we have the following
Corollary 3.11. The principal ℓ-block of N ≀ Sw is
b0 = {χ
α
r , αr = (α1, . . . , αℓ, ∅, . . . , ∅)  w}.
4 A generalized perfect isometry
We can now prove our main result:
Theorem 4.1. Let ℓ ≥ 2 be any integer. Let G be the symmetric group Sℓw+r,
where 0 ≤ r, w < ℓ, and let L ∼= Lw ∼= Zwℓ be a ”Sylow ℓ-subgroup” of G. Then
there is a generalized perfect isometry with respect to ℓ-regular elements between
the principal ℓ-blocks of G and NG(L).
16
Proof. The principal ℓ-block of Sℓw+r is B0 = {ϕλ, λ ∈ Pr}, where Pr denotes
the set of partitions of ℓw + r with ℓ-core (r). For any λ ∈ Pr, we write
αλ = (α
1
λ, . . . , α
ℓ
λ)  w
the ℓ-quotient of λ, and, as before,
αλ,r = (α
1
λ, . . . , α
ℓ
λ, ∅, . . . , ∅)  w
and
α∗λ,r = (α
1
λ, . . . , α
m
λ , α
m+1
λ , . . . , α
ℓ
λ, ∅, . . . , ∅)  w.
We have Irr(L ≀ Sw) = {χαλ , λ ∈ Pr}, and, by Theorem 3.5, there exist signs
{ε(λ), λ ∈ Pr} such that, for any λ, µ ∈ Pr,
〈ϕλ, ϕµ〉 ℓ−reg
Sℓw+r
= 〈ε(λ)χαλ , ε(µ)χαµ〉 reg
L≀Sw
.
For any λ ∈ Pr, we write η(λ) = (−1)
Pm
n=1 |α
n
λ| (so that χ
αλ,r
0 = η(λ)χ
α∗λ,r ).
Then χαλ 7−→ χα
∗
λ,r is a bijection from Irr(L ≀ Sw) onto the principal ℓ-block
b0 = {χ
α∗λ,r , λ ∈ Pr} of N ≀Sw, and, for any λ, µ ∈ Pr, we have, by Proposition
3.10,
〈χαλ , χαµ〉 reg
L≀Sw
= 〈η(λ)χα
∗
λ,r , η(µ)χα
∗
µ,r 〉 ℓ−reg
N≀Sw
.
Finally, using the results of section 2.1, we get that
I :
{
B0 −→ b0 ⊗ {1Sr}
ϕλ 7−→ χ
α∗λ,r ⊗ 1Sr
is a bijection between the principal ℓ-blocks of G = Sℓw+r and NG(L) such that,
for any λ, µ ∈ Pr, we have
〈ϕλ, ϕµ〉 ℓ−reg
Sℓw+r
= 〈ε(λ)η(λ)I(ϕλ), ε(µ)η(µ)I(ϕµ)〉 ℓ−reg
NG(L)
,
which ends the proof.
Many thanks to Elvis.
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